UNIT 8: Vectors in the Two-dimensional Space
Specific Objectives:

1.

2.
3.
4

To learn the concept and representation of vector quantities.

To learn some properties of and operations on vectors in two-dimensional space.
To understand the geometrical representation of vectors in two-dimensional space.
To apply the vector method particularly to the solution of some geometric problems.

Detailed Content

Time
Ratio

Notes on Teaching

8.1

¥8

Scalar and Vector Quantities
Equality of Vectors, Zero Vector
and Unit Vector

2
3

Examples of scalar quantities such as mass, length, time and temperature
and examples of vector quantities such as force, displacement, velocity and
acceleration may be cited to illustrate the difference between scalar and vector
quantities.

It is desirable to introduce the geometric representation of a vector (i.e. by a
directed line segment) early as it would help students visualize the concept.
Students should learn some common notations of vectors printed in text-books
(such as a, AB ) as well as those used in W_riting (such as ; , a); the
corresponding notations for magnitude are lal,|AB ], | ; | and | a |. Teachers
should ensure students are in the habit of writing an arrow (— ) over a letter e.g.
a or writing the letter over a bar, a for a vector.

Teachers should emphasize to students that two vectors are equal if they
have the same magnitude and direction. For example, if AB=CD then | Ké |
= | CD |and AB//CD. B D

0

The idea of a zero vector that has zero magnitude and no specific direction
should then be introduced. It is usually denoted by 6 ,or 0. The unit vector may be
introduced as a vector, irrespective of direction, that has unit magnitude. It is
usually used to specify direction.
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8.2 Sum and Difference of Vectors,

g8

Multiplication of a Vector by a
Scalar

Addition of vectors could best be illustrated by the triangle law, depicted
diagramatically.

C.

A B
or the parallelogram law,

|
l

At

[e2]
+
>

D

A

Practical examples such as the vector sum of two displacements and the
resultant of two forces or velocities could be used. The polygon law as an
extension of the triangle law could also be introduced.

The difference a—-b could be introduced as the sum of a+ (—B) .

-B
The geometric meaning of a scalar multiple of a vector could then be

introduced. Teachers should point out that when ﬁ =kCT5,Ké and ﬁ are

parallel and | A_B> |= k\ &S ; if k>0, Ké and &S are in the same direction,

whereas if k<0, A_B> and a:s are in opposite direction. With the guidance of
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teachers, students should be able to discover the following rules illustrated with
vector diagrams.
U+v=v+u
U+(VHw)=(U+v)+w
r(sa) = (rs)a = s(ra)
(r+s)a = ra+sa
r(G+§):rG+r§
Examples like the following may be given.
Example 1
ABCD is a square and X, Y are mid-points of BC and CD. If AX = 5 and AY =
q, find
(a) 5 and a in terms of AB and BC;
(b) ﬁ and B_é in terms of 5 and a .
Example 2
If ABCD is a parallelogram, show that
(a) ﬁ+lﬁ+6§=2l§é;
(b) BC+BA+BD+2AC+2CB-2AD=0
Example 3
In the diagram, m PR=n RQ where m, n are positive constants, show that
m@+n(ﬁ=(m+n)O~R' a
R
(o]
P
. Time .
Detailed Content . Notes on Teaching
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8.3 Representation of Vectors in ra The unit vectors i and] should be introduced first and then the fact that
Rectangular Coordinate System | 3 any vector in the rectangular coordinate plane can be expressed in terms of
i and] can be explained by means of examples. For any vector U=xit
y j , the magnitude and direction given by | 4 | = x2+y2 and @ =tan~1(Y) should
X
be taught. The angle 8 made with the positive x-axis can be determined by
considering the quadrant in which (x, y) lies. For example, the vector ¢ = i +
j has magnitude | u | = v2 and direction 6 =tan~"(1)= 45", but the vector
v=1i-] has magnitude |V | = J2 and direction given by 6 = tan71(—1) =
315° . The ideas of equality of two vectors, addition and subtraction of two
vectors should also be revised in the context of the rectangular coordinate
system and ample exercises should be given. o
8.4 Scalar Product of Two Vectors 4 After learning the representation of U=xqi+yqj and V=xpi+ya],
5 students are ready to learn the definition of scalar product or dot product of two

vectors.

G-v=10 ||V |cosB ,where 0 is the angle between G andV ,if U,V are
non-zero vectors

G-v=0 ifeither G=0 or v =0
and the other definiion u-v = x,x, +y,y, may also be derived by noting that
7.i=j-j=1 and i.j=j.-i=0. Teachers should remind students to
write the dot ( - ) between vectors in dot products.

Teachers may then guide students to deduce the following properties
of scalar products.

a-u=1g
u-v=v-u
A > > >
k(u-v)=(ku)-v=u-(kv)
u-(V+w)=u-v+u-w
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By extending the fact that two vectors are equal if and only if they have the
same corresponding i and j components, to any two vectors expressed in
terms of two non-parallel vectors uandv , students should find it intuitively
clear that if aqu+bqv=asu+byv then a;=a; and by=b,.
Teachers can provide some examples for illustration. The formal definition of a
basis should not be introduced. Exercises like the following may be given.
Example 1
Given points A(1, 3), B(-2, 4), C(-1, 5), find
(a) BA and BC intermsof i and ] ,
(b) BA-BC and
(¢) £ ABC (correct to 0.1°).
Example 2
In the figure, AX=XY=YB.
Y
8 X
A
0
If OA=i-j and OB=10i+5j,
(a) express OX and OY intermsof i and ] .
(b) find \8( | and |& | and
(c) find the value of cos 6.
. Time .
Detailed Content . Notes on Teaching
Ratio
Example 3
It is given that AB=3] —4], AC=ai —12] and AB=-8i +b] . Find:
(a) aifA, B and C are collinear,
(b) bif AD L AB.
8.5 Applications of Vectors, 3 The vector method can be applied to solving probler_ns in various topics in
5 the syllabus, for example, in coordinate geometry and trigonometry.

Division of a Line segment,
Parallelism and Perpendicularity

Starting with the concept of the position vector of a point, teachers could
guide students to derive the position vector of a point P, which divides AB in
the ratio m:n as

—_—

OP -

(na+mb)
m+n

where a=OA and b=0B are position vectors of A and B respectively.

__. In_trigonometry, by considering the dot product of AB-AC and
BC-BC , teachers can lead students to derive the cosine formula

a2 =b2 +c2 —2bccosA. Students are also expected to be familiar with the facts
(1) If AB-BC =0 then AB L BC.

(2) If AB=kKCD thenAB//CD.

(3) If AB=KAC thenA,B, C are collinear.

The vector method is particularly rich in applications to the proving of
well-known results in geometry. For example,

(1) The line segment joining the mid-points or two sides of a triangle is parallel
to and equal to one half of the third side.

(2) The line segment joining the centre of a circle to the mid-point of a chord is
perpendicular to the chord
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(3) Anangle in a semi-circle is 90°.

(4) The diagonals of a rhombus bisect each other perpendicularly.

(5) The altitudes of a triangle are concurrent.

(6) The medians of a triangle are concurrent.

Other examples may include the following.

Example 1

In the figure, OP = 5&5 = a 2PX = % and 30Y = 2%.

(a) Express OX in terms of 5 and EI P

(b) If OZ =AOX, PZ = uPY , show that X
5A-6u=0 and 21+3u-3=0.

(c) By solving for A, find PZ:PY.

0 Q
Example 2
Show that if U and ; are any vectors, then
@ lu-vl< [allv]
o) la+vl< [ul+|v].
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